Some comments on some nuances of linear modeling
When does a model fit well? Having a high R-squared value is not enough.
The R-squared value (whose technical term is the “coefficient of determination”) is a convenient measure for how well a model fits data.  The R-squared value’s formal definition is:   the percent of “variance” in the y-variable that is accounted for by the model.   “Variance” is a measure of the spread among the y-values which I have not defined here. 
An R-squared value of 1 means that 100% of variance in the y-variable is accounted for by the model; so the model fits the data perfectly.  An R-squared value of 0.50 means that half of variance in the y-variable can be accounted for using the model.
But a relatively high R-squared value does not guarantee that the model is a good one.  There are some other factors you should look for.
A good model will have fairly random distribution of data points above and below the line.

Consider the following data set:
	Year
	Lean of Leaning Tower of Pisa (tenths of mm in excess of 2.9 meters)

	1975
	642

	1976
	644

	1977
	656

	1978
	667

	1979
	673

	1980
	688

	1981
	696

	1982
	698

	1983
	713

	1984
	717

	1985
	725

	1986
	742

	1987
	757
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If you look at the datapoints and their relationship to the trend line, you will see that there is no consistent pattern.   Roughly half are above, half are below, and there is no consistent pattern for when they are above or when they are below. It is a good model for the existing data.

In contrast, consider the following data

	North Sea Plaice

	Length (cm)
	Weight (g)

	28.5
	213

	30.5
	259

	32.5
	308

	34.5
	363

	36.5
	419

	38.5
	500

	40.5
	574

	42.5
	674

	44.5
	808

	46.5
	909

	48.5
	1124
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While the R-squared value is very high, this is not a good model.  Notice how the data points are first above the trendline, then consistently below, then back above.  This is not a good mathematical model despite the high R-squared value.  I would have very little confidence in any predictions made with this model.
A related situation occurs when there is a consistent long term uptrend with an abrupt change toward the end:

For example,

	Year
	US Murder Rate (per 100,000 population)

	1963
	4.6

	1964
	4.9

	1965
	5.1

	1966
	5.6

	1967
	6.2

	1968
	6.9

	1969
	7.3

	1970
	7.9

	1971
	8.6

	1972
	9

	1973
	9.4

	1974
	9.8

	1975
	9.6

	1976
	8.7



[image: image3.emf]US Homicide Rate

R

2

 = 0.9181

4

5

6

7

8

9

10

11

1962 1964 1966 1968 1970 1972 1974 1976 1978

Year

Rate (per 100,000 population)


Again, while the R-square value is high, predications even for a year out are problematic because the homicide rate seems to be turning downward toward the end.  This situation is very difficult to model.  Is the downtrend at the end a new trend or is the homicide rate going to go back to the long-term trend?  Your guess is as good as mine. 
Individual points can very strong effects on models.  Watch out for them.
Consider the following data:

	Animal
	Length (cm)
	Running Speed(cm/sec)

	Clover mite
	0.08
	0.85

	Anyestid mite
	0.13
	4.3

	Argentine ant
	0.24
	4.4

	Ant
	0.42
	6.5

	Deer mouse
	9
	250

	Lizard
	15
	720

	Chipmunk
	16
	480

	Iguana
	24
	730

	Squirrel
	25
	760

	Fox
	60
	2000

	Cheetah
	120
	2900

	Ostrich
	210
	2300
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The model does not seem to fit very well.  The R-squared value is actually fairly high, but once again there is patterning among the datapoints above and below the trendline. 

However, it is a property of the type of models we are using (least squares best fit linear models) that individual data points can have a very powerful effect.  In particular consider the ostrich data point.
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The ostrich data point is actually pulling the entire trendline down, making it useless as a model.  

If we remove the unusually long, but not particularly fast ostrich, we get a rather good model for the relationship between running speed and animal lengths.
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Sheet1

		Year 		Population 		Index 				Violent 		Property 		Murder 				Rape 		Robbery 		assault 		Burglary 		Theft 		Theft 

		1960 		179,323,175 		1887.2 		1887.2		160.9 		1,726.3 		5.1 		5.1		9.6 		60.1 		86.1 		508.6 		1,034.7 		183.0 

		1961 		182,992,000 		1906.1 		1906.1		158.1 		1,747.9 		4.8 		4.8		9.4 		58.3 		85.7 		518.9 		1,045.4 		183.6 

		1962 		185,771,000 		2019.8 		2019.8		162.3 		1,857.5 		4.6 		4.6		9.4 		59.7 		88.6 		535.2 		1,124.8 		197.4 

		1963 		188,483,000 		2180.3 		2180.3		168.2 		2,012.1 		4.6 		4.6		9.4 		61.8 		92.4 		576.4 		1,219.1 		216.6 

		1964 		191,141,000 		2388.1 		2388.1		190.6 		2,197.5 		4.9 		4.9		11.2 		68.2 		106.2 		634.7 		1,315.5 		247.4 

		1965 		193,526,000 		2449.0 		2449		200.2 		2,248.8 		5.1 		5.1		12.1 		71.7 		111.3 		662.7 		1329.3		256.8 

		1966 		195,576,000 		2670.8 		2670.8		220.0 		2,450.9 		5.6 		5.6		13.2 		80.8 		120.3 		721.0 		1,442.9 		286.9 

		1967 		197,457,000 		2989.7 		2989.7		253.2 		2,736.5 		6.2 		6.2		14.0 		102.8 		130.2 		826.6 		1,575.8 		334.1 

		1968 		199,399,000 		3370.2 		3370.2		298.4 		3,071.8 		6.9 		6.9		15.9 		131.8 		143.8 		932.3 		1,746.6 		393.0 

		1969 		201,385,000 		3680.0 		3680		328.7 		3,351.3 		7.3 		7.3		18.5 		148.4 		154.5 		984.1 		1,930.9 		436.2 

		1970 		203,235,298 		3984.5 		3984.5		363.5 		3,621.0 		7.9 		7.9		18.7 		172.1 		164.8 		1,084.9 		2,079.3 		456.8 

		1971 		206,212,000 		4164.7 		4164.7		396.0 		3,768.8 		8.6 		8.6		20.5 		188.0 		178.8 		1,163.5 		2,145.5 		459.8 

		1972 		208,230,000 		3961.4 		3961.4		401.0 		3,560.4 		9.0 		9		22.5 		180.7 		188.8 		1,140.8 		1,993.6 		426.1 

		1973 		209,851,000 		4154.4 		4154.4		417.4 		3,737.0 		9.4 		9.4		24.5 		183.1 		200.5		1,222.5 		2,071.9 		442.6 

		1974 		211,392,000 		4850.4 		4850.4		461.1 		4,389.3 		9.8 		9.8		26.2 		209.3 		215.8 		1,437.7 		2,489.5 		462.2 

		1975 		213,124,000 		5298.5 		5298.5		487.8 		4,810.7 		9.6 		9.6		26.3 		220.8 		231.1 		1,532.1 		2,804.8 		473.7 

		1976 		214,659,000 		5287.3 		5287.3		467.8 		4,819.5 		8.7 		8.7		26.6 		199.3 		233.2 		1,448.2 		2,921.3 		450.0 

		1977 		216,332,000 		5077.6 		5077.6		475.9 		4,601.7 		8.8 		8.8		29.4 		190.7 		247.0 		1,419.8 		2,729.9 		451.9

		1978 		218,059,000 		5140.4 		5140.4		497.8 		4,642.5 		9.0 		9		31.0 		195.8 		262.1 		1,434.6 		2,747.4 		460.5 

		1979 		220,099,000 		5565.5 		5565.5		548.9 		5,016.6 		9.8 		9.8		34.7 		218.4 		286.0 		1,511.9 		2,999.1 		505.6 

		1980 		225,349,264 		5950.0 		5950		596.6 		5,353.3 		10.2 		10.2		36.8 		251.1 		298.5 		1,684.1 		3,167.0 		502.2 

		1981 		229,146,000 		5858.2 		5858.2		594.3 		5,263.8 		9.8 		9.8		36.0 		258.7 		289.7 		1,649.5 		3,139.7 		474.7 

		1982 		231,534,000 		5603.7 		5603.7		571.1 		5,032.5 		9.1 		9.1		34.0 		238.9 		289.1 		1,488.8 		3,084.9 		458.9 

		1983 		233,981,000 		5175.0 		5175		537.7 		4,637.3 		8.3 		8.3		33.7 		216.5 		279.2 		1,337.7 		2,869.0 		430.8 

		1984 		236,158,000 		5031.3 		5031.3		539.2 		4,492.1 		7.9 		7.9		35.7 		205.4 		290.2 		1,263.7 		2,791.3 		437.1 

		1985 		238,740,000 		5207.1 		5207.1		556.6 		4,650.5 		8.0 		8		37.1 		208.5 		302.9 		1,287.3 		2,901.2 		462.0 

		1986 		240,132,887 		5480.4 		5480.4		620.1 		4,881.8 		8.6 		8.6		38.1 		226.0 		347.4 		1,349.8 		3,022.1 		509.8 

		1987 		243,400,000 		5550.0 		5550		609.7 		4,940.3 		8.3 		8.3		37.4 		212.7 		351.3 		1329.6		3,081.3 		529.5 

		1988 		245,807,000 		5664.2 		5664.2		637.2 		5,027.1 		8.4 		8.4		37.6 		220.9 		370.2 		1,309.2 		3,134.9 		582.9 

		1989 		248,239,000 		5741.0 		5741		663.1 		5,077.9 		8.7 		8.7		38.1 		233.0 		383.4 		1,276.3 		3,171.3 		630.4 

		1990 		248,709,873 		5820.3 		5820.3		731.8 		5,088.5 		9.4 		9.4		41.2 		257.0 		424.1 		1,235.9 		3,194.8 		657.8 

		1991 		252,177,000 		5897.8 		5897.8		758.1 		5,139.7 		9.8 		9.8		42.3 		272.7 		433.3 		1,252.0 		3,228.8 		658.9 

		1992 		255,082,000 		5660.2 		5660.2		757.5 		4,902.7 		9.3 		9.3		42.8 		263.6 		441.8 		1,168.2 		3,103.0 		631.5 

		1993 		257,908,000 		5484.4 		5484.4		746.8 		4,737.7 		9.5 		9.5		41.1 		255.9 		440.3 		1,099.2 		3,032.4 		606.1 

		1994 		260,341,000 		5373.5 		5373.5		713.6 		4,660.0 		9.0 		9		39.3 		237.7 		427.6 		1,042.0 		3,026.7 		591.3 

		1995 		262,755,000 		5274.9 		5274.9		684.5 		4,591.3 		8.2 		8.2		37.1 		220.9 		418.3 		987.1 		3,043.8 		560.4 

		1996 		265,284,000 		5087.6 		5087.6		636.6 		4,451.0 		7.4 		7.4		36.3 		201.9 		390.9 		945.0 		2,980.3 		525.7 

		1997 		267,637,000 		4927.3 		4927.3		611.0 		4,316.3 		6.8 		6.8		35.9 		186.1 		382.1 		919.6 		2,891.8 		505.7 

		1998 		270,296,000 		4615.5 		4615.5		566.4 		4,049.1 		6.3 		6.3		34.4 		165.2 		360.5 		862.0 		2,728.1 		459.0 

		1999 		272,690,813 		4266.5 		4266.5		523		3,743.6 		5.7 		5.7		32.8 		150.1 		334.3 		770.4		2,550.7 		422.5 

		2000 		281,421,906 		4124.8		4124.8		506.5 		3,618.3 		5.5 		5.5		32		145		324.0 		728.8 		2477.3		412.2 

		2001		285317559		4162.6		4162.6		504.5		3,658.1 		5.6 		5.6		31.8 		148.5 		318.6 		741.8 		2,485.7 		430.5 

		2002 		287973924		4125		4125		494.4		3,630.6 		5.6 		5.6		33.1 		146.1 		309.5 		747.0 		2,450.7 		432.9 

		2003 		290690788		4067		4067		475.8 		3591.2		5.7 		5.7		32.3		142.5 		295.4 		741.0 		2416.5		433.7 

		2004 		293656842		3977.3		3977.3		463.2 		3,514.1 		5.5 		5.5		32.4 		136.7 		288.6 		730.3 		2,362.3 		421.5 

		2005 		296410404		3899		3899		469.2 		3,429.8 		5.6 		5.6		31.7 		140.7 		291.1 		726.7 		2,286.3 		416.7
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Animal_Speeds

		Running Speed and Length in Animals

		[From On Size and Life,Thomas McMahon and

		John Tyler Bonner, W.H.Freeman and Co., 1983]

		Animal		Length (cm)		Running Speed(cm/sec)

		Clover mite		0.08		0.85

		Anyestid mite		0.13		4.3

		Argentine ant		0.24		4.4

		Ant		0.42		6.5

		Deer mouse		9		250

		Lizard		15		720

		Chipmunk		16		480

		Iguana		24		730

		Squirrel		25		760

		Fox		60		2000

		Cheetah		120		2900

		Ostrich		210		2300
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		Ant		0.42		6.5

		Deer mouse		9		250

		Lizard		15		720

		Chipmunk		16		480

		Iguana		24		730

		Squirrel		25		760

		Fox		60		2000

		Cheetah		120		2900

		Ostrich		210		2300
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